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ABSTRACT

In this paper we prove a finiteness theorem for the spectral sequence
(Ei(V), (dv)i) associated to a transitive foliation F on a compact mani-
fold M, and to a flat vector bundle E over M with filat connection V. We
also compute some examples of homogeneous Lie foliations on compact
connected homogeneous spaces.

1. Introduction

First, recall that for a smooth foliation F on a smooth manifold M, the spectral
sequence (E;,d;) = (E;(F),d;) associated to F arises from the filtered de Rham
complex (A(M),d) of (M, F), and converges to the real cohomology H(M) of M
(see for example (27, 17, 29]). It is clear that (E;°,d;) and E;° are respectively
the complex (A (M), d) of basic forms and the basic cohomology Hy(M) of F.
K. S. Sarkaria [27] has proved that F; is finite dimensional if F is transitive and
M compact. This result has been used in {29, 1, 19] to prove that E, is finite
dimensional when F is Riemannian and M compact. On the other hand, also
with this hypothesis, the finite dimensional character and duality of Hy(M) have
been studied in [16, 17, 28, 11, 18, 31, 23, 3, 19).

Let F be a smooth foliation of dimension p and codimension ¢ on a smooth
manifold M. Let E be a flat vector bundle over M with flat connection V. Then
the usual filtration of A(M) induces a filtration in the complex (A(M, E),dy) of
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smooth forms on M with values in E. With this decreasing filtration,
(A(M, E),dv) is a filtered complex and we have the corresponding spectral se-
quence (E;(V),(dv):) associated to F and E, which collapses at the
(g+1)-th term and converges to the real cohomology H(M, E) of (A(M, E), dv).
On the other hand, we consider in A(M, E) the usual C®-topology, turning
(A(M, E),dv) into a Fréchet topological complex. Each E;(V) has the induced
topology and (dv); is continuous. E;{(V) in general is not Hausdorff obtaining
two new topological complexes, the closure O of the trivial subspace of E;(V)
and the reduction E; (V) = E;(V)/O of E;(V). We shall denote by Ez(V) the
cohomology H (E;(V), (dv)1).

A case of particular interest is the one where E = C(F) is the flat vector
bundle associated to the Molino commuting sheaf [20, 22] of a transitive foliation
F on a compact connected manifold M. Another particular case is the following.
Consider a closed one-form v € A'(M) and let V be the flat connection on
the trivial vector bundle E = M x R with connection form ~ with respect to
the smooth section o of E given by o(z) = (z,1). Then the spectral sequence
(Ei(7),(dy)i) = (Ei(V),(dv);) associated to F and v arises from the filtered
complex (A(M),d,) = (A(M, E),dv), where d, = d+ yA. Note that each E;(vy)
depends only on the class [y] € H*(M), and that [y] = 0 if and only if E;(vy) = E;
for all 4.

In this paper we study the spectral sequence (F;(V),{(dv);), and using the
Riesz theory of compact operators we prove that for a transitive foliation F
on a compact manifold M and a flat vector bundle £ — M with flat connec-
tion V, the cohomologies FE5(V) and E,(V) are finite dimensional Hausdorff and
E,(V) = E3(V) canonically. We also compute some examples of homogeneous
Lie foliations on compact connected homogeneous spaces.

The paper is structured as follows. In Section 2, using the techniques of [27] we
construct a compact operator and a parametrix for the complex (A(M, E), dy)
of smooth forms on a compact manifold M with values in a flat vector bun-
dle E - M with flat connection V. In Section 3 the results of Section 2 are
applied to the case where M is equipped with a transitive foliation F. Section 4
is devoted to the study of the spectral sequence (E;(V),(dvy):) of the filtered
complex (A(M, E),dy) associated to a smooth foliation F on a smooth mani-
fold M, and to a flat vector bundle E over M. In Section 5, using the results
of Section 3 and the Riesz theory of compact operators (13, 25|, we prove that
for a transitive foliation F on a compact manifold M and a flat vector bundle
E over M, the cohomologies F»(V) and E;(V) are finite dimensional Hausdorff
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and E5(V) = E2(V) canonically. Finally, in Section 6 we study some exam-
ples of homogeneous Lie foliations F on compact connected homogeneous spaces
M =T 4\Ga, and compute the spectral sequence E; (resp. E;(V)) associated to
F (resp. to F and the Molino commuting sheaf C(F)).

The results of this paper are applied in [8, 9] to prove a finiteness theorem for
Riemannian foliations on compact manifolds, and to show that every Riemannian
foliation on a compact manifold is tense (in the sense of [17]). In particular, it
follows that the main tautness theorems for Riemannian foliations on compact
manifolds, which were proved by several authors, are immediate consequences of
our results.

2. Compact operators

In this section, using the techniques of {12, Vol. II] and [27], we construct a
compact operator and a parametrix for the complex A(M, E) of smooth forms
on a smooth compact manifold M with values in a flat vector bundle E over M..

For any smooth manifold M, TM denotes the tangent bundle of M, ¥(M) =
I'TM the Lie algebra of vector fields on M, and A(M) the graded algebra of
smooth forms on M. If E is a smooth vector bundle over M, then I'E denotes
the A%(M)-module of smooth sections of E.

Let M be a smooth manifold, and let E be a smooth vector bundle over M.
Consider the graded A(M)-module

A(M,E) = TL(ATM, E) = T(AT*M ® E) = A(M) ® sy TE
= HOII]AO(M) (Ax(M), FE)

of smooth forms on M with values in E. We shall topologise A(M, E) with the
usual C*-topology turning A(M, E) into a Fréchet topological vector space (in
particular, we have A(M, M x R) = A(M)). Evidently, for any X € X(M),
the interior product i(X): A"(M,E) - A""}(M,E) is continuous. Let V be
a connection on E. Then the covariant exterior derivative dy: A"(M,E) —»
A™1(M, E) and the covariant Lie derivative 6y (X): A™(M, E) — A"(M, E) for
X € X(M) are continuous. Moreover, we have [12, Vol. II]

i(X)? = 0,i([X, Y]) = [0v(X),i(Y)],0v(X) = i(X)dy + dvi(X),
(09 ([X,Y]) — 0o (X),0v(Y)]) @ = —R(X,Y) A, d4a = RAq,
(6v(X)dy — dvbv(X))a=i(X)RAa for X,Y € X(M),a € A(M, E),

where R is the curvature of V. Thus, if the connection V is flat, then

v ([X,Y]) = [0v(X),09(Y)],d% = 0,0v(X)dy = dviv(X).
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On the other hand, let E’ be a second smooth vector bundle over a smooth
manifold M’, and let ¢: E' — E be a smooth bundle map inducing ¢: M’ — M
and restricting to linear isomorphisms ¢,: E., — E o(z) i the fibers. Then ¢
induces a continuous linear map ¢#: A"(M,E) — A"(M', E') given by

(#*a)(z) = ¢¥(alp(z))), zeM', ac A (M,E),

where ¢#: L(A"T, )M, Ey(y)) = L(A"T,M’, E,) denotes the composition of
the linear map ¢*: L(A" T¢(I)M E,z)) = L(A"T,M',E,(,) with the linear
isomorphism (g71), : L(ATToM', Eyqy) = L(A™TM',E,). If Y € X(M’) and
X € X(M) are p-related, then ¢# 0 i(X) = i(Y) o o*.

Now, let V’ be the pullback connection on E’ of V along ¢. Then ¢# o dy =
dy' o @¥. Thus, if Y € X(M') and X € X(M) are @-related, then 3# o Oy (X) =
By (Y)o ¢#.

We shall say that a vector space V C X(M) is transitive if the evaluation map
ez: V = T, M is surjective for all z € M. According to Section 2.23 in [12, Vol. 1],
we can always choose a finite dimensional and transitive space V' C X(M).

THEOREM 2.1: Let M be a compact manifold. Let E be a smooth vector bundle
over M and V a connection on E. Then there exist two continuous linear maps
s,h: A(M,E) - A(M, E) of degrees 0 and —1 respectively, such that

(i) s is a compact operator;

(ii) if V is flat, then 1 — s = dyh + hdy.

Proof: For all X € X(M), denote by X € X(E) the unique horizontal lift of X
with respect to V. Let X3, t € R (resp. X, te R) be the flow of the vector field
X € X(M) (resp. of the horizontal lift X € X(E) of X). Then, for all t € R,
X.: E - E is an isomorphism of vector bundles inducing X;: M — M. Denote
by Xt# : A(M, E) - A(M, E) the continuous linear isomorphism induced by X,.

Now, consider a finite dimensional transitive space V C X(M) and choose
a Riemannian metric g on V. Let |g| be the volume element, and let f be a
smooth nonnegative function on V supported in a compact neighbourhood of
zero and such that [, f(X)-|g| = 1. Then we define the continuous linear maps
s,h: A(M,E) -+ A(M, E) by

I

(sa)(z) / (XFa)(@)- F(X) - |g| € LN T:M, E),

(2.2)
(ha)(z) = / / (2) - F(X)-db-|g| € LA™IT, M, Ey)

forze M,a€ A"(M,E).
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Next, from transitivity of V' it follows that the evaluation map e: M xV - TM
(given by (z,X) — X(z) € T, M) is surjective. Therefore, N = Kere is a
subbundle of the trivial Riemannian vector bundle M xV over M. Let N* = TM
be the orthogonal complement of N, and consider the orthogonal projection
m M XV = N&N*+ - N. Denote by ¢: M x V — N x M the smooth
map defined by (z,X) = (w(z,X), Xi(z)). It is easy to see that there exists
a neighbourhood U C V of zero such that ¢ is a diffeomorphism on M x U.
Choose the function f such that supp f C U, and denote by Q2 the volume
bundle Q(M) of M. Then by a technique similar to that used in [27] it follows
that there exists a smooth section K of the smooth vector bundle

L(M x L(N"TM,E), L(A"TM,E)RQ) = LINTM,E)R(L(A"TM,E)* ® Q)
over M x M such that
(2.3) (sa)(z) -——/ K(z,y)aly), z€M, ac A(M,E).
M

Hence, s = s(V, f,g,V): A(M,E) — A(M,E) is a smoothing operator (see
[5]) with smooth kernel K. Thus s is a compact operator. This proves (i).
To prove (ii), consider the formula

(2.4) Ov(X) = dvi(X) +i(X)dv, X € X(M).
By a direct computation we obtain

d #
@5 xtoo(xa= T2

s=t

a€ AM,E), X e X(M), teR

Since X is X;-related to X for any X € X(M), t € R, we have
(2.6) (X))o X¥ =XFoi(X), XeX(M),teR

Now, for each fixed ¢t € R, let j;: M — R x M be the inclusion map given by
z +» (t,z). Then, for o € AR x M,R x E) = A(R x M) ® 40ar) I'E, we obtain

1 1
(2.7 dy / i¥a-dt = / dvita-dt.
0 0

Similarly, for each fixed X € V, let jx: M = M x V be the inclusion map given
by z — (z,X). Then, for a € A(M x V,E x V) = A(M x V) ®o(m) T'E, we
have

(28) dy /V o F(X) 1ol = /V dvite- f(X) lgl.
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Finally, suppose that the connection V is flat. Then, for each X € ¥(M) and
¢t € R, the automorphism of vector bundles X;: £ — E inducing X;: M — M
preserves the connection V. Hence we have

(29) dy o XF = XF ody, Ov(X)oX¥ =XFobu(X), X ecX(M)tcR

Thus if @ € A(M, E), then by (2.2), (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9) it
follows that

(dvh + hdy)a / / X (dvi(X) +i(X)dy)a - f(X) - dt - [g]

// XF00(X)a- f(X)-dt-|g]

/(X#a o) f(X) gl =a—sa. W
14

Remark: From [5] it follows that the operator s: A(M,E) — A(M,FE) is in
fact of trace class, the trace being defined by Trs = [, Tr K(x,z). Assume
now that the vector bundle £ over M is flat with flat connection V. Denote
by H{M, E) the cohomology of the complex (A(M, E),dy), and by s” the map
s: AT(M,E) - A"(M,E). Then Y _(—1)" Trs" is the Euler characteristic of the
finite dimensional cohomology H (M, E). Moreover, Theorem 2.1 proves that h
is a parametrix for A(M, F).

Example: Let M, V, g and f be as in Theorem 2.1. As usual we will equip the
graded algebra A(M) with the exterior derivative d, the interior product #(X)
and the Lie derivative (X ) for any X € X(M). Consider a one-form v € A(M),
and the operators dy = d+ vy A: A"(M) - A™t1(M), 6,(X) = 0(X) + i(X)y- :
A™(M) — A™(M) given by dyva =da+yAa, 6,(X)a =0(X)a+i(X)y - a for
a€ A™(M) and X € X(M).

Now, let E = M x R be the trivial vector bundle over M, and let V be the
connection on E with connection form 7 with respect to the smooth section
o € T'E defined by o(z) = (z,1). Then we have A(M,E) = A(M), dy = d,
and 0y (X) = 6,(X), X € X(M). For each X € X(M) and t € R, let Ax, be
the unique smooth positive function on M determined by Xt# o=MAx,-0. In
particular, Ax, = A9, = 1. It is clear that the functions (¢, ) — Ax,(z) on Rx M
are smooth. Similarly, the function (¢,z,X) — Ax,(z) on R x M x V is smooth.
It follows that the continuous linear automorphisms Xt# : A(M) — A(M) are
given by o — X}a - Ax,. Formula (2.5) implies that

dx,
ds

(2.10) i(X)X;7 Ax, =

s=t
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Therefore, from (2.2) it follows that the continuous linear maps s,h: A(M) —
A(M) (of degrees 0 and —1 respectively) are given by

(so)(x)
(ha)(x)

i

1)(e) - Ax, (2) - f(X) -lgl,

// ) Ax, (@) - F(X)-dt-|g.

Moreover, according to Theorem 2.1, there exists a smooth section K of the

(2.11)

il

smooth vector bundle

LIMx ANTT*"M,A"T*MRQ) = A"T*"MR(A'TM ® Q)
over M X M such that
(212) (so)(e) = | K(zy)als).

Hence, s = s(V, f,g,7): A(M) — A(M) is a smoothing operator with smooth
kernel K. Thus s is a compact operator of trace class with trace

Trs= /M'I‘rK(z,m).

On the other hand, since dy € A?(M) is the curvature of V, it follows that
the connection V on E is flat if and only if the one-form v € A(M) is closed.
Assume now that v € A'(M) is a closed one-form (so that V is a flat connection
and d?y = 0). Then, applying (2.9) we get

(2.13) X{vy=dlogXx, +17.

Hence, from (2.10), (2.11) and (2.13) (also, by Theorem 2.1) we obtain the
formula
(2.14) 1-s=d,h+hd,.

Then we have the following result.

THEOREM 2.15: Let M be a compact manifold, and let v € A'(M) be a one-
form. Consider in A(M) the continuous operator d., = d + yA. Then there exist
two continuous linear maps s, h: A(M) - A(M) of degrees 0 and —1 respectively,
such that

(i) s is a compact operator;

(i) if v is a closed one-form, then 1 — s = dyh + hd,.
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Remarks: (1) If v € AY(M) is closed, then Y (-1)"Trs” is the Euler
characteristic of the (finite dimensional) cohomology H,(M) of the complex
(A(M),dy), and h is a parametrix for (A(M),d,).

(2) Theorem 2.15 generalizes Lemmas 7 and 8 of [27]. That is the case where
=0 (so that dy =d and Ax, = 1).

3. Compact operators for transitive foliations

In this section we discuss the case where M is equipped with a transitive foliation.

Let M be a smooth manifold, and let F be a smooth foliation on M. Denote
by TF C TM the integrable subbundle of vectors of M tangent to F, and by
X(F) =TTF C (M) the Lie subalgebra of vector fields tangent to F. Consider
a smooth vector bundle E over M. Then a decreasing filtration FXA(M, E) by
A(M)-modules of A(M, E) is given by

(3.1) F*A™(M,E) = {a € A"(M,E) | i(X1 A+ A Xr_gp1)a =0, X; € X(F)}.

Clearly, FFA™(M,E) = F*A"(M) ®o(p) TE, where F¥A(M) is the usual
decreasing filtration of A(M) = A(M,M x R). In particular, FOA™(M,E) =
A"(M,E) and Frt'A™(M, E) = 0. This filtration is invariant under the interior
products #(X) for X € X(F). Now, let V be a connection on E. Then the
filtration is invariant under dy and 8y (X) for X € X(F). Hence, if V is flat,
then (A(M, E),dv) together with this filtration is a filtered complex of A(M)-
modules, so that we have a spectral sequence (E;(V), (dy);), which converges to
H(M, E) after a finite number of steps.

On the other hand, consider the Lie algebra X(M, F) C X(M) of infinitesimal
transformations of (M, F). The foliation F is called transitive if X(M,F) C
X(M) is a transitive space. If M is compact and F transitive, then it is clear that
we can always extract a finite dimensional transitive subspace out of X(M,F).

THEOREM 3.2: Let F be a transitive foliation on a compact manifold M, and
let V be a connection on a smooth vector bundle E over M. Then there ex-
ist two continuous linear maps s,h: A(M,E) — A(M,E) of degrees 0 and —1
respectively, such that

(i) s is a compact operator;

(ii) s(FFA(M,E)) C F*A(M,E) for all k;

(iii) h(FFA(M,E)) C F*~1A(M,E) for all k;

(iv) if V is flat, then 1 — s = dyh + hdy.
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Proof: Consider a finite dimensional transitive space V C X(M,F), and let g
and f be as in Theorem 2.1. Now, we define the operators s, h: A(M,E) —
A(M, E) by (2.2). Then, from Theorem 2.1, (i) and (iv) follow.

On the other hand, foreacht € Rand X € V,let jy: M - RxM and jx: M —
M x V be the inclusion maps. Then, for Y € (M), a € A(R x M,R x E) and
B € A(M x V,E x V), we obtain

1 1
i(Y) / i*a-dt = / W(Y)j¥a - dt,
0 0

(3.3) ]
i(v) /V G- £ 19l = /V i(Y)iEB- F(X) - 1g.

A similar result holds for 8y (Y). Clearly, for t € R and X,Y € X(M), we have
(3.4) i(Y) o X¥ = X¥ 0i((X).Y).

Then, since (X;).Y € X(F)fort € R, X € ¥(M,F) and Y € X(F), by (3.3) and
(3.4), (ii) and (iii) follow. |

For E = M x R, we have A(M,E) = A(M) and FFA(M,E) = FFA(M).
Then, appplying Theorems 2.15 and 3.2 we obtain the following result.

THEOREM 3.5: Let F be a transitive foliation on a compact manifold M, and
let v+ € AY(M) be a one-form. Then there exist two continuous linear maps
s,h: A(M) - A(M) of degrees 0 and —1 respectively, such that

(i) s is a compact operator;

(ii) s(F*A(M)) C F*A(M) for all k;

(iii) A(F*A(M)) c Fk-1A(M) for all k;

(iv) if 7y is closed, then 1 — s = d h + hd,, where dy = d+yA: A(M) — A(M)

is given by a — da+ v A a.

4. Spectral sequences associated to foliations

In this section we study the spectral sequence (F;(V),(dy);) of the filtered
complex A(M, E) considered in Section 3.

Let M be a smooth manifold of dimension n, and let F be a smooth
foliation of dimension p and codimension ¢ on M. Recall that the spectral
sequence (E;,d;) = (E;(F),d;) associated to F arises from the decreasing
filtration F*A(M) by differential ideals of the de Rham complex (A(M),d)
of M. Since FI1A(M) = 0 and FPA(M) = A(M), (E;,d;) collapses at the
(g +1)-th term and converges to the real cohomology H(M) of M. Each E; has
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the induced topology being d; continuous, and obtaining that E) in general is
not Hausdorff (see [14]).

Now, consider a Riemannian metric on M and the orthogonal complement
Q = TFL C TM of TF. Then we obtain the associated bigrading of A(M)
given by

(4.1) A (M) = D(A*Q* @ A'T* F) = TA*Q" ® go(ary TAT* F.

The filtration of A(M) may be represented by F¥A(M) = @, A* (M), and
the exterior derivative d decomposes as the sum of the homoge_neous operators
dr, d1o and dg,_; of bidegrees (0, 1), (1,0) and (2, —1) respectively, which satisfy
the usual identities. In particular, d;'c = 0. So we obtain the following topological
identities of bigraded fopological differential algebras:

(4.2) (Eo, do) = (A(M),dF), (Er,d1) = (H(A(M),dF),d1,0x)-

It follows that Ey = H(H(A(M),d),d1o.), E;® = Ay(M), and E;° = Hy(M),
where Ay(M) = AY(M) N Kerdr and Hy(M) = H(Ay(M),d) are respec-
tively the differential algebra of basic forms and the basic cohomology of F.
EY" = H(TAT*F, dg) is the foliated cohomology of F, and E;” and E,® are iso-
morphic to the transverse complex and the transverse cohomology respectively
(cf. [14]). Moreover, E;* is also isomorphic to the F-relative de Rham cohomol-
ogy (see [26]).

On the other hand, let E be a smooth vector bundle over M. Then we have
the associated bigrading of the A(M)-module A(M, E) given by

(4.3) AV (M,E) =T(A*Q* @ A"T*F® E) = A“"(M) ®aomn I'E,
and the filtration F*A(M, E) of A(M, E) may be represented by

(4.4) F*A(M,E) = (P A* (M, E) = F*A(M) ® qo(41) TE.
u>k

Consider now a connection V: TE = A°(M,E) — A'(M,E) on E. Then V
decomposes as the sum of the partial connections V7: TE — A%(M, E) and
V0. TE — AY(M,E) on E. It follows that the covariant exterior derivative
dy may be decomposed as the sum of the homogeneous operators dy =, dy1.0 and
dz,—1 = da,—1 ® 1 of bidegrees (0,1), (1,0) and (2, —1) respectively, where dy=
(resp. dy1.0) is induced by dr and V¥ (resp. by dy ¢ and V10).

Assume that the vector bundle E is F-foliated with flat partial connection V7Z.
Then d2,; = 0, so that d%(FFA(M, E)) C FFt1A(M,E) for all k. Therefore,



Vol. 107, 1998 A FINITENESS THEOREM FOR FOLIATIONS 263

we have the bigraded topological complexes (Ey(V), (dv)o) and (A(M, E),dy=),
and the bigraded topological space E;(V). So we obtain the following result.

PROPOSITION 4.5: We have the following topological identities,
(46) (EO(V)7 (dV)O) = (A(Mv E)7 dV}')a E, (V) = H(A(M, E)7 dV”),

of bigraded topological complexes and bigraded topological spaces respectively.

We define the graded Ay(M)-module Ay(M, E) of E-valued basic forms of F
by

(4.7) Ay(M,E) = E°(V) = A"°(M,E) NKerdy=

= {a€ AM,E) | i(X)a=0v(X)a=0 for X € X(F)}.

In particular, AY(M, E) C TE is the AY(M)-module of F-foliated sections of E.
EY (V) = H(UL(ATF,E),dy~) is the E-valued foliated cohomology of F.

Now, denote by A(M), A,(M), A(M,E) and A,(M, E) the corresponding
sheaves of germs. Then, for each u, 0 < u < g,

(Au’.(M, E)adV}-) = (Au’(M) ®A2(M) Ag(Ma E):d}' ® 1)

is a fine resolution of the sheaf Ay(M, E) 2 A}(M) ® a0(ar) A)(M, E) (cf. [32]).
Thus

(4.8) E (V) = HM, A} (M, E)).

It follows that EY' (V) = H(M, AYM, E)).

For example, the normal bundle F = vF = TM/TF of F is canonically F-
foliated by the partial Bott connection V¥. The elements of A)(M, vF) are the
transverse fields associated to the infinitesimal transformations of F, and the
elements of EY'(V) = HY(M, A)(M,vF)) may be interpreted as infinitesimal
deformations of F (see [15]).

For E = A*v*F and V% = 6(X), X € X(F), the partial Bott connection, we
have A¥(M)=A(M, A*v*F), (Ey,do)=(Eg” (V), (dv)o), and E} =EY (V)=
H(M, A¥(M)). In particular, EY" = H(M, AY(M)). Since (Ay(M),d) is a reso-
lution of the constant real sheaf R, it follows that E3" = H*(H(M, Ay(M))).

Suppose now that E is a flat vector bundle over M with flat connection V.
The spectral sequence (E;(V), (dv);) associated to F and E arises from the de-
creasing filtration F* A(M, E) by A(M)-modules of the complex (A(M, E), dy).
(Ei(V),(dv):) collapses at the (¢ + 1)-th term and converges to the cohomology
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H(M, E). 1t is clear that the multiplication map F; ® E;(V) — E;(V) is a homo-
morphism of complexes, and that E;(V) has the induced topology being (dy);
continuous for all i. F;(V) in general is not Hausdorff.

Since d% = 0, the homogeneous operators dy>, dy1.0 and dz _; satisfy

dQV}' = d%,-l =dyrdygio + dyrodyr =0,

(4.9)
dyrods,—1 +dz_1dyro = d%10 +dy —1dy= +dyrdz _1 = 0.

Hence we obtain the following result.

PROPOSITION 4.10: We have the identities (4.6) and the following topological
identity of bigraded topological complexes:

(4.11) (Er(V), (dv)1) = (H(A(M, E),dy=), dy1.0-).

Therefore, E3(V) = H(H(A(M,E),dyr),dvie.), (E°(V),(dv))) =
(4y(M, E),dv), and E;°(V) = Hy(M, E) is the E-valued basic cohomology of
F. In particular, H)(M, E) = H°(M, E) is the vector space of parallel (or locally
constant) sections of E. Clearly, the canonical map H¥(M,E) - H*¥(M,E) is
injective for k = 1. Similarly, EyP(V) is isomorphic to the E-valued F-relative
de Rham cohomology.

Let £ be the sheaf of germs of parallel sections of E. Then (A(M, E),dy) =
(AM)® E,d® 1) is a fine resolution of the sheaf £. It follows that H(M, E) =
H(M,E).

PROPOSITION 4.12: For each u > 0 we have:

(4.13) E¥ (V) = HM, AX (M) ® ), E¥ (V)= H*(H(M, A(M) ® £)).

Proof: It is easy to check that
(A" (M, E),dy=) = (A (M) ® £,dr ®1)

is a fine resolution of the sheaf A¥(M, E) = A¥(M)®E. It follows that E}* (V) =
H(M, A (M) ®E).

Clearly, (Ap(M, E),dy) = (Ap(M) ® £,d ® 1) is a resolution of the sheaf £,
and (Ey(V),(dv)1) = (HM, A(M) ® £),(d ® 1),). The desired result follows.
|

Now, let E = M xR be the trivial vector bundle over M, and consider two one-
forms v,y € A1(M). Let V (resp. V') be the connection on E with connection
form + (resp. ') with respect to the smooth section o € T'E defined by o(z) =
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(x,1). Then it is easy to see that v — ' € d(A°(M)) if and only if there exists
an automorphism of vector bundles ¢: E 3E inducing the identity map in M
such that ¢# oV = V' o ¢o#.

Therefore, if v € A'(M) is a closed one-form, then each H,(M) and E;(y)
depends only on the class [y] € H1(M). In particular, if v € A}(M) is a closed
basic one-form, then each H,(M) and E;() depends only on the class [y] €
H}(M) C HY(M), and we have

(4.14)  (Eo(7),(dy)o) = (Eo,do), (Er(7), (dy)1) = (Er,d1 + YA).
The following proposition is easily verified.

PROPOSITION 4.15: Let v € AY(M) be a closed one-form, and let V be the flat
connection on E = M xR with connection form «y with respect to 0. Assume that
M has a finite number of connected components. Then the following conditions
are equivalent:
(i) (E,V) is trivial as a flat vector bundle;

(ii) the class [y] = 0 € HY(M);

(i) BS°(y) = ESY;

() H,(M) = H(M);

(v) Ei(y) 2 E,; for all i.

Remark: Let v € AY(M) be a closed one-form. Then it is easy to check
that E§'°(7) = Eg’o(—'y). Assume now that M is connected. Then we have
E°(+y) 2 EJ° =Ror E3%(4~) = 0. The first case occurs if and only if the
class [y] =0 € HY{(M).

5. Finiteness theorem for transitive foliations

In this section we prove a finiteness theorem for the spectral sequence of the
filtered complex A(M, E) considered in Section 4. For this purpose, we shall use
the Riesz theory of compact operators [13, 25].

First, we consider the following more general case. Let (A,d) be a filtered
(cochain) complex of Hausdorff locally convex topological vector spaces A™ over
the real field (or the complex field) and continuous linear maps d” with decreas-
ing filtration F¥A = @, F*A" (stable under d) such that A = @;_, A" (with
n integer), F¥FA C A are closed subspaces, FOA™ = A" and F¥A" = 0 for
k > r, where on A we consider the direct sum topology. Then, we have a spec-
tral sequence (E;,d;) which converges to the cohomology H(A) of (A,d) after
a finite number of steps. Each E;, Eo and H(A) with the induced topology
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is a locally convex topological vector space and d; is continuous. Moreover, Ey
is Hausdorff and the canonical isomorphism E, — H(E,) = H(Ey,dy) (resp.
E;11 = H(E;) = H(E;,d;), 1 > 1) is a topological isomorphism {resp. is contin-
uous). E; in general is not Hausdorff obtaining two new topological complexes,
the closure O of the trivial subspace of Ey, and E; = E; /O, so that E; is Haus-
dorff and we have the exact sequence of topological complexes 0 = O — E; 5
E; — 0. We will say that E; is the reduction of E;, and let E; = H(E;) be its
cohomology.

Definition 5.1: A pair of continuous linear maps s, h: A — A of degrees 0 and —1
respectively will be called a 2-parametrix for 4 if
(i) s is a compact operator;
(ii) s(F*A) C F*A for all k;
(iii) h(F*A) C F*~1A for all k;
(iv) 1—s=dh+hd.

LEMMA 5.2: Assume that there exists a 2-parametrix s, h for A. Then we have:
(i) There is a finite dimensional topological filtered subcomplex K C A with
spectral sequence (E;(K),d;) such that the induced linear maps E2(K) —

E; and E2(K) — By are topological isomorphisms.
(ii) F2 and By are finite dimensional Hausdorff, and the canonical map 7.: Ey —

E, is a topological isomorphism, so that H(O) = 0.
(i) Fach E; = E;(K), 2 <1i < o0, and H(A) & H(K) is finite dimensional and
the induced topology coincides with the Euclidean topology. In particular,

the identities E;11 = H(E;), 0 < i < 00, are also topological.

Proof: Since F¥A ¢ A is a closed subspace, s: A — A defines a compact
operator s: FEA — F*A for each k = 0,...,n. From [13, 25] it follows that
1—s: F*A — FFA has finite ascent and finite descent my for all k = 0....,n.
Let m be the maximum of the my, 0 < k < n. Then the kernel K = Ker(1 —s)™
and the image I = (1 — 5)™(A) of (1 —s)™: A= F°A — A = F°A are topo-
logical filtered subcomplexes of A with filtrations F¥K = Ker ({1 — 8)™|pi4) =
KNF*A and F¥I = (1 — s)™(F*A). Furthermore, A = K & I as a topological
filtered complex with F*A = F¥K @ F*I (as a topological complex), K is finite
dimensional, F*K and F*I are stable under s, (1 —s)™ = 0: FFK — FFK, and
1—s: F*I — F*]I is a topological isomorphism for each k = 0,...,n.

Now, let F;(K) and E;(I) be the spectral sequences of K and I respectively.
It is clear that E;(K), 0 < i < oo, and H(K) are finite dimensional Hausdorff.
Then

Es 2 E\(K) & E.(1), E, 2 Ey (K)o E (])
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as topological complexes, where E; (I) = E;1(I)/O. Consider the canonical pro-
jection mp = ((1 - s)m|1)‘1 o(l—-3s)™ A — I. So we obtain a 2-parametrix
s|lr,mro(h|f): I — I for I. Since 1 — s|;: I — I is a topological isomorphism, we
have Ex(I) = Ey(I) = 0, where By (I) = H(E;(I)). This implies that

Ex(K)=2 Ey(K)® Eq(I) 2 Ey, E3(K) = Ex(K)®Ex(I) 2 E,
as topological complexes. The desired result follows. |

THEOREM 5.3: Let F be a transitive foliation on a compact manifold M, and let
V be a flat connection on a smooth vector bundle E over M. Then the spectral
sequence (E;(V), (dv);) of the filtered complex (A(M, E),dy) satisfies:

(i) There exists a finite dimensional topological filtered subcomplex
K C A(M, E) with spectral sequence E;(K) such that the induced linear
maps Ey(K) — E2(V) and E3(K) — Fo(V) are topological isomorphisms,
where B2 (V) = H(E;(V)) and E; (V) = E;(V)/O0.

(i) E3(V) and Eo(V) are finite dimensional Hausdorff, and E3(V) = Eo(V)
canonically and topologically, so that H(O) = 0.

(i) Each E;(V) € Ei(K), 2 < i < o, and H(M,E) = H(K) is finite
dimensional and its topology is the Euclidean topology. The identities
E;11(V) = H(E;(V)), 0 < i < o0, are also topological.

Proof: Consider the 2-parametrix s, h for A(M, E) constructed in Theorem 3.2
and apply Lemma 5.2. 1

From Theorem 5.3 (also, by Theorem 3.5 and Lemma 5.2) we obtain the
following result.

THEOREM 5.4: Let F be a transitive foliation on a compact manifold M, and
let v € A*(M) be a closed one-form. Then the spectral sequence (E;(7), (dy):)
of the filtered complex (A(M),d,) = (A(M, M x R),dv) satisfies the properties
(i), (ii) and (iii) of Theorem 5.3, where d = d + YA.
Remark: For v = 0, the results obtained above are reduced to the ordinary case
of [27] and [19, Section 1].

From Theorems 5.3 and 5.4 we have for TF = TM (also, for TF = 0) the
following result.

COROLLARY 5.5: Let E be a flat vector bundle over a compact manifold M.
Then there exists a finite dimensional topological subcomplex K C A(M, E)
such that H(K) & H{M,E) topologically. In particular, for each closed one-
form v € A*(M), there is a finite dimensional topological subcomplex (K, d.,) of
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(A(M),d.) such that H(K,d,) = H,(M) topologically. Clearly, H(M,E) and
H. (M) are finite dimensional HausdorfF.

6. Examples

In this section we compute some examples of homogencous Lie foliations on
compact connected homogeneous spaces.

Let F be a smooth foliation of codimension g on a smooth manifold M, and
let m: TM — vF = TM/TF be the canonical projection. Then each X €
X(M) determines a smooth section X = 7(X) € I'vF. On says that F is
transversally parallelizable if there exist elements Xy,...,X, € X(M,F)
such that X1,...,X, € X(M,F)/X(F) = A)(M, vF) are linearly independent at
each point of M. Theset P = {Xj,..., X} is called a transverse parallelism
of F. If the g-dimensional vector space generated by P is a Lie subalgebra g
of the Lie algebra X(M, F)/X(F), then F is called a Lie g-foliation, and P is
called a transverse Lie parallelism of F. It is clear that every transversally
parallelizable foliation is transitive. Similarly, every foliation defined by the fibers
of a locally trivial fibration is transitive. Note also that the canonical lift of a
Riemannian foliation to the bundle of its orthonormal transverse frames is a
transversally parallelizable foliation (see [21, 22]).

Now, let F be a transversally parallelizable foliation of codimension ¢ on M,
and consider a transverse parallelism P == {X 1,---,Xg} of F. Then P determines
an F-basic connection V = V” on vF given by

q g

61)  VxZ=n[X5 2|+ Y finlX, 2] = Z(fi)X: + 7(X, 2]
i=1 i=1

for X,Z € X(M), where X; € X(M,F) represents X;, and Xr € X(F) and
fie A%(M),i=1,...,q, ate given by X = Xz + Y ?_, fiX;. It is easy to see
that V depends only on the ¢g-dimensional vector space V' generated by P, and
that V is flat if F is a Lie g-foliation, where g = V. Conversely, if M is connected
and V is flat, then F is a Lie g-foliation. Moreover, if M is connected, then F is
a Lie g-foliation with dense leaves if and only if V is independent of the choice
of P. In this case the canonical flat connection V is completely characterized by
the formula

(6.2) VxZ=n|(X,Z] for X € ¥(M,F), Ze%(M).

Next, let 7 be a Lie g-foliation on M, and consider a transverse Lie parallelism
P = {Xi,...,X,} of F, where X; € X(M,F) represents X;, i = 1,...,q. Sup-
pose that the go-dimensional vector space generated by Xj, ... ,qu, 0<qg <gq,
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is an ideal h of g. Then TF and X;,..., Xy, define a Lie g/h-foliation Fy of
codimension ¢ — go on M with F C Fy, and the flat connection V = V8 on vF
of F induces a flat connection V9 on the F-foliated normal bundle

(6.3) Qh = T}-b/Tf CvF of F in ‘7:')
given by
q
(6.4) VYZ =m(XF, 21+ fimy[Xi, 2]
=1

for X € X(M), Z € X(Fy), where my: TFy, = Qy is the canonical projection,
and Xz and f; are given as above. Clearly, the flat connection V9/9 on vFy of
Fy is also induced by V, and the canonical projection v.F — vFy is compatible
with V and V9/9.

On the other hand, let F be a transitive foliation on a compact connected
manifold M. Then P. Molino has proved in [20, 22] that the closures of the
leaves of F are the fibers of a locally trivial fibration m,: M — W, called the
basic fibration, and the restriction of F to each fiber of 7, is a Lie g-foliation
with dense leaves, where g is an algebraic invariante of F, called the structural
Lie algebra. Consider now the basic foliation F;, defined by =}, whose leaves
are the closures of the leaves of F, so that F C F. Then an easy computation
shows that the F-foliated normal bundle

(6.5) C(F)=TFH/TFCvF ofF inkF

of dimension go = dimg is flat, whose canonical flat connection V = V¢ is
completely characterized by the formula

(6.6) VxZ =mo[X,Z] for X € X(M,F),Z € X(Fy), Z = mo(Z) € TC(F),

where mg: TF, — C(F) is the canonical projection. The Molino commuting sheaf
(or central transverse sheaf) of F (cf. {20, 22]) is the sheaf of germs of parallel
sections of the flat vector bundle C(F), and if F is transversally parallelizable,
then V is induced by the connection on vF given by (6.1).

A method to construct examples of Lie foliations is the following. Let G and
G1 be two simply connected Lie groups, and let D: G; — G be a surjective
homomorphism of Lie groups. Suppose that G; contains a discrete uniform
subgroup I';. Then the foliation F on G by the fibers of D, which is also defined
by Ker D, is invariant by left translations by the elements of I'y. Hence, F induces
a foliation F on the compact connected homogeneous space M = I';\ G such that
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F = n*F, where m: G1 = M is the universal covering of M. Clearly, F is a Lie
g-foliation and D is the developing map of ¥, h = D |y, : I'1 — G is the holonomy
representation and I' = A(I";) C G is the holonomy group of 7, where g is the Lie
algebra of G. Now, let K be the closure of I in G, and consider the homogeneous
space W = K\G. Then the canonical projection mp: M = T'1\G; - W = K\G
induced by D is the basic fibration of F and the Lie algebra of the Lie group K
is its structural Lie algebra. Such a Lie g-foliation is called homogeneous.

Now, we apply the preceding results to compute the following example of
homogeneous Lie foliations.

Example I: Let A be the matrix in SL(4,Z) given by

110 {0
= 50 th t=|— f
A (Tﬁ)’ so that A (tl I) or all t € R,

where I is the 2 x 2 identity matrix. Let G4 = Rx4R* be the semidirect product
of the additive Lie groups R and R* via the representation ¢: R — SL(4,R)
defined by ¢(t) = A?; that is, G4 = (R®,-) with the group operation given by

(t,Zl,I2,$3,$4) ' (tl,xllvw;)zgvxfi)
;(t + tl> (.’1,'1,.’132,233,.’1}4) + At(wllvl‘{bxgaxii))

=(t+t',z1 + 27,22 + Th, T3 + T +tx], T4 + T + t2).

So we have constructed a simply connected nilpotent Lie group G 4 of dimension
5, which is not abelian. It is easy to check that I'y = (Z®,-) C G4 is a discrete
uniform and torsion-free subgroup, and that the canonical projection m: G4 -
I'4\G 4 is the universal covering of the compact connected homogeneous space
M =T 4\G4 of dimension 5. Moreover, M is the quotient manifold R xgz ™
of R x T* by the equivalence relation given by (t,z) ~ (t + 1, A(z)), t € R,
z € T*, where A also denotes the automorphism of T* induced by A. Note that
mg: R xz T* -» §! is a flat bundle with fiber T, whose monodromy is given by
A, where 75 is induced by the canonical projection of R x T* onto R.

Now, let @ € R be a real number, and consider the orthogonal basis of the
Euclidean space R* = (R4, {,)) given by

v = (—0,1,0,0), U = (anv —aal), V3 = (170’070)7 Vg = (0,0,l,a),
which satisfies the identities

At(vy) = vy + tvy, A% (vg) = va, A*(v3) = v3 +tvy, A(vy) = vy forallt e R
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Then a basis of left invariant vector fields on G 4 is given by

0 0 e 0 0 0 0
= — = —O0— _ —— —_— X = —(— —
Xo ot X3 ac’)w1 +8x2 +t( Ozé.gc3 + 3234)’ 2 @ + :
9 9 9 02 x=2 4.0
8:1)3 a6$4 ’ 4 6.’1)3 6:134,

where X; is induced by v;, 7 = 1,2,3,4. Foreachi =0,1,2,3,4, X; defines a vec-
tor field, also denoted X;, on M =T 4\Ga =R xz T, and Xy, X1, X5, X3, X, €
X(M) is a parallelism on M satisfying

X3 +o— +1

:5;7_1 6.’52

[XOaXI] = X2a [XOaX3] = X47

67 X, X;1=0 otherwise.

The dual basis wo,w;,ws, ws,ws € A (M) of Xo, X1, X2, X3, X4 is given by

wo=dt, wy=c(—~adzy+dzs), wy=c(—t(—adzy +dz2) — adzrs + dzs),
w3 = ¢(dz1 + adzz), wy = c(—t(dz1 + adry) + dzs + adzy),

where ¢ = 1/(1 + a?). Hence we have
(68) dws = —wp Awy, dwy=—wgAws, dwy=dw; =dws=0.

Similarly, by (6.7) it follows that X3, X4 (resp. X1, X3) define 2 homogeneous
Lie foliation F (resp. 1) of dimension 2 on M. Consider for example F, since
the same techniques can be used for Fy. Then Xy, X1, X5 define a transverse Lie
parallelism of F. Let G = (R?,-) be the Heisenberg group of dimension 3, whose
group operation is given by

(t,z,y) - (t',2',¢) =t +t,z+ 2",y +y +tz').
Then the surjective homomorphism of Lie groups D: G4 — G given by
(6.9) D(t, 21,29, 23, 24) = (t, ~axy + T3, —0T3 + T4)

is the developing map of F. Therefore, 7 is a homogeneous Lie g-foliation,
I' = D(T'4) C G is its holonomy group and the induced map np: M — W =
K\G is its basic fibration, where g is the Lie algebra of G, which is defined by
Xo,X1,X2, and K = T C G denotes the closure of T' in G. Clearly, X;, X,
generate an ideal h of dimension 2 of g. Then T'F and X;, X, define a Lie g/b-
foliation Fy of dimension 4 on M with F C Fy. It follows that Fy is defined
by Xi, X2, X3, X4, and its leaves are the fibers of 7g: M = R xz T* — SL
Furthermore, X1, X, € T'Qy is a basis of sections for Qy, = TFy/TF and the
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connection form (6;;) of the flat connection V = VP on @ with respect to
X1, X, is given by

(6.10) 611 =612 =020 =0, 021 =wy € AI(SI) C Al(M)

Consider now the spectral sequence (E;,d;) (resp. (E;(V), (dv):)) associated to
F (resp. to F and Qy). Then by (6.10) we have

(611) Ez(V) IEi@Ei fori:O,l.

On the other hand, suppose that a € Q is a rational number, so that a =
ap/a with ag,a € Z, a > 0 and ag,a relatively prime. Then I' C G is closed,
K =T, my: M — I'\G is the basic fibration of F, and the leaves of F are
the fibers of m,, which are diffeomorphic to T?2. Now, to compute 7, consider
the automorphism of Lie groups ¢,: G 5 G defined by ¢a(t,z,y) = (¢, az,ay),
which satisfies ¢,(I") = (Z3,-) C G. Then we have the induced diffeomorphism
I\G — (Z3,)\G = R xz T?, where R xz T? is the compact Heisenberg manifold
of dimension 3; that is, the quotient manifold of R x T? by the equivalence
relation given by (t,z,y) ~ (¢ + 1,2,y + z). Evidently, the canonical projection
R xz T2 — S! is a flat bundle with fiber T2. Denote also by D: G4 — G the
developing map of F given by the composition of D with ¢,, which is defined by

(6.12) D(t,z1, 22,23, 24) = (t, —apT1 + aza, —apZ3 + aZy4).
It follows that the induced map
(6.13) My M =Rxz T — W =R xz T

is the basic fibration of F.

Finally, suppose that o € R—Q is an irrational number. Then K = (ZxR?,-) C
G, K\G=S',m,=ms: M =R xz T* 5 W =S§! is the basic fibration of F, the
leaves of F are diffeomorphic to R?, F, = Fy is the basic foliation, and C(F) = Qy
is the Molino commuting sheaf of F. Now, to compute E; and E;(V), we need
to use the following.

Definition 6.14: Let a € R — Q be an irrational number, and consider the vector
v = (1,a) in the Euclidean space R? = (R?(,)). One says that o satisfies a
Diophantine condition if there exist positive constants C' and § such that

(6.15) [(m,v)| > C/|m|®  for all m € Z% — {0},
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so that
|(m,vs)| > C/ [m[°  for all m € Z* x {0} — {0},

G190 om0/ ImlP for all m € 2 x (22 — {0})

Otherwise, a is called a Liouville number. Hence, if o is a Liouville number,
then there exists a sequence {m};>1 of elements of Z? x {0} — {0} such that

(6.17) 0 < |{ms,v3)| <1/[ms|®  foralls=1,2,...,
’ ms#my and myF —my fs#s.
Then we have the following result.

THEOREM 6.18: Let the situation be as above. Then we have:
(i) faeQ, then

E;L’v = Au(wmwl’wZ) ® Av(w3)w4) ® AO(]R Xz T2)7

with the C*°-Fréchet topology, for 0 <u < 3,0 < v < 2.
(ii) If o € R — Q satisfies a Diophantine condition, then

By = A*(wo,w1,w2) ® A° (wg,ws) ® A°(SY),

with the C*-Fréchet topology, for0 <u <3, 0<v <2,

(i) If « € R — Q is a Liouville number, then E; = O & E; as topological
complexes, Ey° = ]E’l’o, E;" is not Hausdorff and O is infinite dimensional
for each v = 1,2, and

EP’ = A*(wo, w1, ws) @ A¥(w3,ws) ® AO(SI)’

with the C*°-Fréchet topology, for 0 <u <3,0<v <2

(iv) For any a € R, the spectral sequence E; collapses at the second term, and
E; = H(M) is given by

EX* =By’ =EY =Ey =Ey* = E}® =R,
1,0 __ 20 _ 1,2 _ 522 __ p2 1,1 _ 2,1 __mp3
Ey'=E’=Ey*=E}*=R?, Ey'=E;' =R:.

(v) For any o € R, the spectral sequence E;(V) collapses at the second term,
and E»(V) = H(M,Qy) is given by

Ey%(V)= EZ°(V)= Eg*(V)= 2 (V)=R, By (V)= Ey (V)= R,
Ey (V)= E°(V)= Ey*(V)= Ey*(V)=R?, By’ (V)= E; (V)=F.
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Proof: First, we bigrade A(M) by setting
AM (M) = Ep® = A%(wg, w1, w2) ® A% (w3,ws) ® A°(M), 0<u<3,0<v<2

It follows from (6.8) that drw; = 0, ¢ = 0,1,2,3,4. Then we have E"" =
A (wo, w1, wa) ® EY®. Clearly, EY® = A°(R xz T?) if a € Q, and EY° = A%(S!)
if @ € R—Q. Therefore, to prove (i), (ii) and (iii) it suffices to compute EY"' and
E?’Q; that is, we need to compute the maps

AOY(M) 25 A%V (M) = (w3, wg) ® AV (M) 25 A2 (M) = (w3 A ws) ® A2(M).

Note that the elements f € A°(M) are the smooth functions f: Rx T* — R such
that
(6.19) fE+1,A(2) = ft,z), teR zeT.

For each m = (my,ma,m3,my) € Z*, denote by e,, the smooth function e,,:
T¢ — C given by en(z) = e2™™2  Then, for each t € R, the Fourier series
expansion of f € A°(M) is given by

(6.20) f= Z fm(t)em,

meZ4

where f,: R — C is a smooth function for all m € Z*. It is easy to see that
formula (6.19) is equivalent to the formula

(621) fm(t+1) :’fA'(m)(t)’ ’ITLEZ4, teR,

where A’ is the transpose matrix of A. In particular, we have fn(t +1) = f(t)
for all m € Z* x {0} and ¢t € R, so that

fm: St — C is a smooth function for all m € Z2 x {0}, and f, € A%(S!).
(6.22)
It is clear that dr f = X3(f)ws + X4(f)ws € A»1(M), and that

XS(f) =2mi ZmGZ“((ma 1)3> + t<m7 U4>)fm(t)em € AO(M)a
Xa(f) = 2mi ¥, g0 (M, va) fm (t)em € AY(M).

Similarly, for ¢ = gws + hwy € A% (M) with g,h € A%(M), we have dryp =
(X3(h) — X4(g))ws Awy € A%*(M) and

(6.23)

(6.24) X3(h) — Xa(g) = 2mi Y (((m,vs) + t(m, va) () — (M, V1) gim (£)) €m,
meZ4
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where g,,(t) and h,,(t) are the corresponding Fourier coefficients of g and h.
Hence, ¢ € Kerdz N A%(M) if and only if

(6:25)  (m,va)gm(t) = ({(m,v3) + t(m,va))hm(t), mEZ', tER,

so that hy, = 0if (m,vs) # 0 and (m,ve) = 0.
To prove (i), suppose that a € Q, so that a = ag/a with ag,a € Z, a > 0 and
ag, a relatively prime. Consider the set

= {m e Z" | (m,v3) = (m,vy) =0}.
Evidently, Z2 C Z* is an additive subgroup and the map
72 = 72 given by (my,my) — (—agmy,amy, —agmy, amsy)
is an isomorphism of additive groups. Then, for f € A°(M), it follows from
(6.12) and (6.13) that
FEEY = ARz T) B LM = f= 3 fnlt)em;
meZ

that is, fm, = 0 for all m € Z* — Z2.
Now, to compute EY'!, let ¢ € Ker dzN A% (M) be as above. For each m € Z4,
consider the smooth function f,,: R — C given by
(2ri{m,v3)) " tgm(t) if (m,v3) # 0 and (m,vy) = 0,
(6.26) fmlt) = { @mi(m, ve))~Lho(t) i (m, vg) # 0,
0 if (m,v3) = (m,v4) = 0.

It is clear that fn, (¢ + 1) = far(m)(t) for all m € Z* and t € R. Let

C =min{ min [(m,v3)], min [{(m,v > 0.
(i o, vall, i (G, 00}

Then, for any nonnegative integers r, s, it follows from (6.26) that

3 fmir |£I= 0] <
mezd
B &gt | dohon(t
o)y | Y i |2y S e | T
s 9

Since g and h are smooth functions, the series on the right converge uniformly
on any compact subset of R, so that the series on the left satisfies this property.
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Therefore, the f,,(t) are the Fourier coefficients of a smooth real valued function
f on M. It follows from (6.23), (6.25) and (6.26) that

¢ =drf+ (s +hwy) with j= Z gm(t)em, h= Z B (t)€m-
mezl meZ
Clearly, §,h € A°(R xz T2). Thus we have
Kerdr N A% (M) = dx(A°(M)) @ (ws,ws) ® A°(R xz T?)
with the C*°-Fréchet topology, so that
EP = (w3,w4) ® A°(R xz T?)

with the C*°-Fréchet topology.

On the other hand, to compute E$’2, consider an element ¥ = fwz Awy €
A%2(M), and let f,(t) be the Fourier coefficients of f € A°(M). Then we
have an element ¢ = gw; + hwy € A»!(M) such that the corresponding Fourier
coefficients g, (t) and h,(t) of g,h € A°(M) are given by

_ [ —@mi(mug)) " fm(t) i (m,ue) #0,
9m(®) *{ 0 ' otherwis:;

6.27
(621 _ [ (@ri(m,v3)) " fm(t)  if (m,u3) #0  and (m,vg) =0,
hm (t) = 0 otherwise.

It follows from (6.24) and (6.27) that

P = dy:(p+fw3 Aws with f: Z fm(t)en € AR xz 'JI‘Q).
mezZ2

Therefore we have
A% (M) = dr (A% (M) @ (w3 Awq) @ A°(R xz T?)
with the F°°-Fréchet topology, so that
EY? = (w3 Awg) ® A°(R xz T?)

with the F>°-Fréchet topology. This completes the proof of part (i).
Next, suppose that o € R — Q. Then, for any m € Z*, we have the following
relations:
(m,v3) # 0 and {m,vy) = 0 <= m € Z* x {0} — {0},
(6.28) (m,vq) # 0 <> m € Z% x (Z2 - {0}),
(m,v3) = (Mvy) =0<&=>m=0.
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To prove (ii), assume that a € R — Q satisfies a Diophantine condition. Let
¢ € Kerdz N A% (M) be as above. Then, for each m € Z*, consider the smooth
function f,,: R — C given by (6.26). Now, for any nonnegative integers r, s, it
follows from (6.16) and (6.26) that

Y dml
meZt

where C = (2rC)~' > 0. Hence, the fn(t) are the Fourier coefficients of a

smooth real valued function f on M such that

wmmk

dts

& hom ()

d*gm (t) ‘ + Z " b

dés mEL2x(Z2—{0})

0( S mirt?

meL2x {0} —{0}

¢ = drf + (gows + hows) with go, ho € A°(S").
This implies that
Kerdz N AYY(M) = dx(A°(M)) @ (w3, ws) © A°(SH)
with the C*-Fréchet topology, so that
EP = (wy,ws) ® A°(SY)
with the C*®-Fréchet topology. Similarly, using (6.16) and (6.27) we obtain
AY2(M) = dr(AVH (M) @ (w3 Awy) @ A°(SY)
with the C*°-Fréchet topology. Thus
E}* = (w3 Awa) ® A%(S")

with the C*°-Fréchet topology. This proves (ii).
To prove (iii), suppose that R — Q is a Liouville number. Then we have

(6.29) Kerdg N A%Y (M) = DO M) @ (w3, wq) @ A°(ST)

with the C™-Fréchet topology, where D%!(M) is the closed subspace of
Kerdy N A% (M) given by

D% (M) = {p = gws + hwy € Kerdr N A% (M) | go = ho = 0}.

It is clear that dr(A°(M)) c D>(M). Now, to prove that dz(A%(M)) =
D%(M), consider an element ¢ = gw;z + hwy € D"'(M), and let g,,(t) and
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hm(t) be the corresponding Fourier coefficients of g, h € A°(M). Let {fx}x>1 be
the sequence of elements of A°(M) given by

t ho(t
o= D zngz’;r(z)me” 2 27rigrg)v>e’"
mez2 x {0}~ {0} Y3 me22 x (22 — {0}) 4
Imii<k H{mg,myg)ii<k

Then we have a sequence {dr fi }x>1 of elements of dx(A°(M)), which converges
to ¢, so that dx(A9(M)) = D%1(M). Now, using (6.29) we obtain the topological
identities

EX'=0% @R, O%' =D (M)/dr(A°(M)), By =(ws,ws)®A’(S).

To prove that O%! is infinite dimensional, consider a sequence {mg}s>1 of
elements of Z? x {0} — {0} satisfying the conditions (6.17). For each A € [0,00) C
R, let @) = gaws + haws € D®1(M) be the element such that hy = 0 and the
Fourier coefficients (gy),, € R of gy € A°(M) are given by

—s/2 A if _ . _
6.30 = l|ms]| s if m=mgorif m=—-mg,
(630 (o) { 0 otherwise.

To show that the set {[¢a]}rejo,00) C O is linearly independent, consider a
linear combination

-
Zaj[w,\j]zo, a; ER, 0< A < <A <00,
=1

Then there exists an element f € A°(M) such that

(6.31) d]:f = Zaj<p,\]..

Jj=1
Let f,, be the Fourier coefficients of f. It follows from (6.23), (6.30) and (6.31)
that .
Frm, = @mifma,vs)) M Imal| 72D aysh,  s=1,2,....
=1
Then by (6.17) we have

[fim, | = (27 (g, v3) )7 |77

iajs*fl > () 2| ]

=1
for all s > 1. Now, since

lim |fm,|=0  and lim |jm,]|*/? = oo,
8300 S—=ro0
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we have .
lim ‘ E ajs)‘f’ =0.
500
j=1

Therefore, using the relation 0 < A; < --- < A, < 00, we obtain a; = 0 for all
j=1,...,7. This proves that O%! is infinite dimensional.
To compute E?’Q, consider the topological identity

A% = DOY(M) @ (w3 A wy) ® A°(SY),
where D%2(M) is the closed subspace of A%?(M) given by
D% (M) = {4 = fws Awy € A%*(M) | fo = 0}.

Evidently, dz(A%!(M)) c D%?(M). Let ¢ = fwsAwg € D%2(M) be an element,
and let f,,(t) be the Fourier coefficients of f € A°(M). Then we obtain a
sequence {dryy}x>1 of elements of dx(A%!(M)), which converges to 1, where
©r = grws + hywy € AY1 (M) with k > 1, and g, hy, € A°(M) are given by

-~ fm(t) _ fm(t)
9k == Z 2mi{m, v )em’ e = Z 27i{m, v yom
mez? x (22~ {0}) » 4 mez2 x{0}—{0} » V3
I(mg,mq)lI<k lmii<k

This shows that dr(A%1(M)) = D%2(M). Hence we have the topological
identities

E)? = 0" @E?, 0% = D2 (M)/dr(A> (M), E}* = (wshwg)@A’(S").
To prove that 0%? is infinite dimensional, consider the subset {[1y]} A€[0,00) Of

0°%? such that ¥ = fawsAwy € DY2(M), A > 0, and f5 € A%(M) is the smooth
function, whose Fourier coefficients (f5 ), are given by (6.30). Now, suppose that

,
dro =Y ajh, 6 €R, 0< X < <) <00,
j=1
where ¢ = gus + hwy € A% (M) with g,h € A°(M). Then for each s = 1,2,..,
the Fourier coefficient h,,, of h is given by

him, = (2mi(me, va)) ! im,[| 7% Y azs™.

J=1

It follows that a; = 0 for all j = 1,..., 7. This shows that the set {[1x]}r¢[0,00) C
02 is linearly independent. Thus O%? is infinite dimensional. Hence, part (iii)
is completely proved.
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Finally, parts (iv) and (v) follow immediatly from parts (i), (i) and (iii), and
Theorems 5.3 and 5.4. This completes the proof of the theorem. [ |

For each t € R, let F; (resp. JFi ;) be the Lie R?-foliation of dimension 2 induced
by F (resp. by F1) on the fiber Tf = n5'(ns(t)) of mg: M = R xz T — SI,
which is canonically globally isomorphic to the R?-foliation on T4 defined by v3, v4
(resp. by vy, v2). Consider for example F;, since the same argument applies to
Fi,¢. Clearly, if o € Q, then the leaves of F; are the fibers of the basic fibration
(mp)s: T: = T — T? = T2 with fiber T?. Similarly, if « € R — Q, then the leaves
of F; are dense in Tf. Then, using the proof of Theorem 6.18, we obtain the
following resulit.

PROPOSITION 6.32: For each t € R, the spectral sequence (E;,d;) associated to
F; satisfies the following properties:
() If a € Q, then E}"" = A%(wi,ws) ® A¥(ws,ws) ® A°(T?), with the
C°-Fréchet topology, for 0 <u<2,0<v <2
(ii) If @ € R — Q satisfies a Diophantine condition, then E"* =
A¥(wy,wq) ® A¥(ws,ws), with the C®-Fréchet topology, for 0 <
0<v <2
(iii) If « € R — Q is a Liouville number, then E; = O © E; as topological
complexes, Ei’o = ]E'I’O, E;" is not HausdorfFand O is infinite dimensional
for each v = 1,2, and E}"" = E}"Y = A%(wq,w2) ® A¥(ws3,wy), with the C*°-
Fréchet topology, for 0 < u<2,0<v <2
(iv) For any o € R, the spectral sequence E; collapses at the second term,
and Ey = H(T?) is given by Ey’ = A%(wy,ws) ® A¥(ws,wq) = R¥* for
0<u<20<v<2

Eu,v —_—
2 =
u < 2,

Example 2: Let A be the matrix in SL(4, Z) given by

A1 0 1 0 a; ag
= = d foed
A (-—l———o m ), where A; ( L1 ), and A, ( 4 ay )

is a matrix in SL(2,Z) such that tr(4;) > 2. Then aza3z # 0 and Az has two
positive irrational real eigenvalues A and A\~!. Let @ = (A —a1)/as € R—Q, so
that (—(a3/az)a,1), (1,a) is a basis of R? consisting of eigenvectors associated
to A~! and ) respectively. It follows that A% € SL(2,R) for all t € R. Therefore
we have

¢
At:(;;ll ?4" )eSL(4,R) withAi,—_(z (1)> for all t € R.
3



Vol. 107, 1998 A FINITENESS THEOREM FOR FOLIATIONS 281

Now, let G4 = R x4 R* be the semidirect product of the additive Lie groups
R and R* via the representation ¢: R — SL(4,R) defined by ¢(t) = A?; that is,
Ga = (R%, ) with the group operation given by

(t, 1'1,932,-'33,334) ) (t/,zll,zé’wgax:l)

=(t +t,(z1, T2, T3, T4) + A (2}, 2h, 75, 7}))

=(t+t', 21 + 2y, T2 + T4 + 12, (z3,34) + AL(5, 7))
So we have constructed a simply connected solvable Lie group G4 of dimen-
sion 5, which is not nilpotent. Clearly, T4 = (Z°,-) C G4 is a discrete uni-
form and torsion-free subgroup, and the compact connected homogeneous space
M = T'4\G4 of dimension 5 is the quotient manifold R xz T of R x T¢ by
the equivalence relation given by (t,z) ~ (¢t + 1,A(z)), t € R, = € T¢, where
A also denotes the automorphism of T* induced by A. Moreover, the canonical
projection mg: M = R xz T* = S! is a flat bundle with fiber T*.

On the other hand, consider the basis of the Euclidean space R = (R4, (,))

given by

U = (0,0,-(@3/02)&,1), V2 = (1v07070)7 Vg = (Ovl,OaO)a Vg = (0,0,1,&),
which satisfies the identities
A(v1) = Ay, A(vg) = vg + tus, A*(v3) = v3, A%(vy) = Nuy forallt € R.

Note that —(as/az)a,a € R — Q are algebraic numbers over Q, so that they
satisfy Diophantine conditions. Hence, there exist positive constants C and 4§
such that

(6.33) |(m, v1)| > C/ m|®, [(m,va)} > C/ |m|®  for all m € Z2 x (2* — {0}).

Now, consider the basis of left invariant vector fields on G4 given by

0 ' 0 0
Xo th'a Xi=27" ( (a3/a2)a_— + 5?4)
B 8 9 (0 ]
X2 “8151 +t6$2, X3 - 8.’172’ X4 =A (62153 ta 6£E4)

where X; is induced by wv;, ¢ = 1,2,3,4. For each i = 0,1,2,3,4, X;
defines a vector field, also denoted X;, on M = T4\G4 = R xz T*, and
Xo, X1, X2, X3,X4 € X(M) is a parallelism on M satisfying

[X())Xl] ( 108 A))(1) [XO)X2] = X3, [XO)X4] = (lOg A)X‘l’

(6:34) [Xi,X;]=0  otherwise.
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Then the dual basis wo, wi, w2, ws,ws € AN (M) of Xy, X1, X2, X3, X4 is given by

wo =dt, wy =cA(—adzs+dzry), wy=dr,
w3 = —tdzy +dzy, wy = cA7Hdz3 + (az/az)adz,),

where ¢ = 1/(1 + (a3/az)a?). Therefore we have

dw = (log Mwp Awy,  dws = —wy A ws,

6.35
(6:35) dwy = (—log A)wo Awy, dwg = dws = 0.

Evidently, the elements f € A°(M) are the smooth functions f: R x T* — R,
whose Fourier coefficients f,,: R — C, m € Z*, satisfy

(6.36) fm(t+1) = fam(t), meZ', teR,

where A’ is the transpose matrix of A. In particular, we have f,(t+1) = f(t)
for all m € Z x {0} and ¢t € R. Hence, f,: S — C is a smooth function for
all m € Z x {0}, and fy € A°(S!). Furthermore, for any m € Z*, we have the
following relations:

,v2) = {m,vg) = (m,vy) =0<= m =0,

v3) = (m,vg) = 0 <= A'(m) = m < m € Z x {0},
ve) # 0 and (m,v3) = (Mm,v4) =0 <= m € Z x {0} — {0},
v3)¢Oand(mv4)—0<=}mEZ><Z {0}) x {0},
(m,vy) #0 <> m e Z? x (Z? - {0}).

(m

(m,
(6.37)  (m,

{(m,

Next, by (6.34) it follows that Xy (resp. X1) defines a homogeneous Lie flow
F (resp. F1) on M. Consider for example F, since the same techniques can be
used for F;. Then Xy, X1, X3, X3 define a transverse Lie parallelism of . Now,
let G = (R*,-) be the group, whose group operation is given by

(t,z,y,2) - (t', 2y, 2)=(t+t,z+2,y+y +tz', 2+ A7%2).

G is a simply connected solvable Lie group of dimension 4, which is not
nilpotent. Then the surjective homomorphism of Lie groups D: G4 — G given
by D(t,z1, %2, 23, z4) = (¢, 21,2, —x3 +Z4) is the developing map of F. Hence,
F is a homogeneous Lie g-flow and I' = D(I'y) C G is its holonomy group,
where g is the Lie algebra of G. Clearly, K =T = (Z3 x R,-) C G, so that
K\G = R xz T? is the compact Heisenberg manifold of dimension 3. It follows
that the basic fibration m: M = R xz T* > W = R xz T? of F, with fiber T2,
is also induced by the surjective homomorphism of Lie groups

Gas — G3 given by (t,z3,Z2,23,24) — (8, %1, 2),
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where G3 is the Heisenberg group of dimension 3. Then X, X4 define the
basic foliation Fj of F, and X; € T'C(F) is a basis of sections for the Molino
commuting sheaf C(F) of F. Similarly, (6.34) implies that the closed one-form
v = (=logNwo € AYS') c AY(M) is the connection form of the canonical
flat connection V on C(F) with respect to X1, so that H(M,C(F)) = H,(M).
Consider now the spectral sequence (E;,d;) (resp. (E;(V),(dv);)) associated to
F (resp. to F and C(F)). It follows that

E;(V)=E;(y) foralli>0, and E;(V)=E; fori=0,1.

Then, using (6.33), (6.35), (6.36) and (6.37), by the same method as in the proof
of Theorem 6.18, we obtain the following result.

THEOREM 6.38: Let the situation be as above. Then we have:
(i) B}’ = A%(wo,wr,ws,ws) ® A%(ws) ® A°(R xz T?), with the C>°-Fréchet
topology, for0 <u<4,0<v <1,
(i) The spectral sequence E; collapses at the second term, and E; = H(M) is
given by

EX*=E¥ =Ey' =Ey' =R,
1,0 _ 12,0 __ 02,1 _ 3,1 _ m2 4,0 _ 10,1 _
B =EX=E'=Ey =R, Ey’=E)' =0

(iif) The spectral sequence E;(y) collapses at the second term, and E,(7y) =
H,(M) is given by

B’ =E°(0) =R, E3°(7)=E3°(n) =R,
Ey"(y)=0  otherwise.

Example 3: Let the notation be as in Example 2. Then (6.34) implies that
X3, X4 (resp. X3, X1) define a homogeneous Lie foliation F (resp. F1) of dimen-
sion 2 on M. Consider for example F, since the same argument applies to Fi. It
is clear that X, X1, X, define a transverse Lie parallelism of F, and that the sur-
jective homomorphism of Lie groups D: G4 — G given by D(t,z1,20,23,24) =
(t,z1, —ax3 + x4) is the developing map of F, where G = (R3, ) with the group
operation given by

(tz,y)- {2,y = t+t,z+2,y+270).

It follows that K = D(T'4) = (Z* x R,-) C G, so that K\G = T2. Thus the
basic fibration my: M = Rxz T* — T? of F, with fiber T3, is also induced by the
surjective homomorphism of Lie groups

Ga— (R?,+) givenby (t,z1,23,23,24) — (t,21).
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Evidently, X1, X3, X4 define 7y, X; € T'C(F) is a basis of sections for C(F), and
v = (—log A)wp is the connection form of the canonical flat connection V on
C(F) with respect to X;. Therefore, for H(M,C(F)) and E;(V), we have

H(M,C(F)) = Hy(M), E;(V) = Ey(y) for all i >0, and Ey(V) = E;,i =0, 1.

Then, using (6.33), (6.35), (6.36) and (6.37), and the same techniques as in the
proof of Theorem 6.18, we obtain the following result.

THEOREM 6.39: Let the situation be as above. Then , for E; and E;{(7y), we
have:
(i) E}Y = A¥%(wo, w1, w2) ®AY (w3, ws) ® A%(T?), with the C*-Fréchet topology,
for0<u<3,0<v<2,
(ii) The spectral sequence E; collapses at the third term, and E; and E; =
H(M) are given by

0,0 _ p20 _ 01 _ 31 _ pl,2 32 _
P P et et e Vi
.E2Y :EZ, =R2,E2, :E2, =R3,E2’ :Ez, ::0,
0,0 _ 32 _ 1,0 _ 022 _m2 phl _ 21 _ 3
EX® = 32 =R EM = B2 =R B = B2 = 3,
E3" =0  otherwise.

(iii) The spectral sequence E;(v) collapses at the third term, and Ez(v) and
E3(y) = H,(M) are given by

E (1) =B’ =B () =E' () =R E"(0) = B}’ (1) =R,

E}*(y)=0  otherwise,

Ey°(y) = By (7) =R, E5°(7) = B3 () =R,

E3®(y)=0  otherwise.
Example 4: Let the notation be as in Example 2. Then, by (6.34) it follows that
X2, X3, X4 (vesp. X3, X3, X1) define a homogeneous Lie foliation F (resp. F1)
of dimension 3 on M. Consider for example F, since the same techniques can
be used for F;. It is easy to see that Xy, X; define a transverse Lie parallelism
of F, and that the surjective homomorphism of Lie groups D: G4 — GA given
by D(t,z1,22,23,24) = (t,—az3 + z4) is the developing map of F, where GA =
(R?,) is the affine group with the group operation given by (¢, z) - (#,2') =
(t+t,z+ A"t2'). It follows that K = D(T's) = (Z x R,) C GA, so that
K\GA = S'. Therefore, m, = ms: M = R xz T* — S! is the basic fibration of
F. Thus X1, Xz, X3, X4 define F,, X, € T'C(F) is a basis of sections for C(F),
and 7 = (— log A)wy is the connection form of the canonical flat connection V on
C(F) with respect to X;. Hence, for H(M,C(F)) and E;(V), we have

H(M,C(F)) = H, (M), Ei(V) = E;(7) for all i > 0, and E;(V) = E;,i =0, 1.
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Then, using (6.33), (6.35), (6.36) and (6.37), and the same argument as in the
proof of Theorem 6.18, we obtain the following result.

THEOREM 6.40: Let the situation be as above. Then , for E; and E;(v), we
have:
(1) BYY = A%(wp,w1) ® A (wa, w3, ws) ® AY(SY), with the C*°-Fréchet topology,
for0<u<2,0<v<3.
(i) The spectral sequence E; collapses at the second term, and E, = H(M) is
given by

0,0 __ 1,0 _ 0,1 _ 2,1 _ 0,2 02,2 _ 1,3 _ 2,3 _
By =i, Ty =l =iy =R =R =AT=R
Eyt =Ey* =R, EX’=E}’=0.

(iii) The spectral sequence E;(y) collapses at the second term, and Ex(y) =
H.,(M) is given by

Ey°(7) = BE3°(7) = EyM(v) = E3'(v) = By*(v) = E3*(v) =R,
Ey°(y)=0  otherwise.

Remark: If in part (v) of Theorem 6.18 we consider the dual flat connection V*
of V on the dual flat bundle Qf of Qy, then, for the spectral sequence E;(V*),
we have

EM(V)=EX™*""(V) fori>2,0<u<3,0<v<2

Similarly, in part (iii) of Theorems 6.38, 6.39 and 6.40, we can consider the
spectral sequence F;(—~). It is easy to check that

E}Y (=) = EXTPTPU() fori>2,0<u<5—p, 0<v<p,
where p € {1, 2, 3} is the dimension of the corresponding foliation F on M.
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